Standard model with intrinsic Lorentz and CPT violations is proposed in a Finsler geometric framework. We present explicitly Lorentz and CPT-breaking Lagrangians of the matter fields and the gauge fields in locally Minkowski spacetime. The Lorentz invariance violation is found to be originated from the spacetime background deviating from the Minkowski one. Similarly, the CPT violation is determined by the behaviors of the locally Minkowski metric under the parity and time reversal operations. To help understanding phenomenologies, we compare the Finslerian model with the standard-model extension (SME) term by term at a first order approximation.
INTRODUCTION
The standard model (SM) of particles has been a paradigm of the modern elementary particle physics. Einstein's special relativity (SR) is one significant foundation of the SM. Furthermore, the Lorentz-invariant SM preserves the CPT symmetry. Therefore, it is significant to test the fate of the Lorentz and CPT violations via both theories and experiments. In the past two decades, the Lorentz and CPT violations have acquired considerable amounts of investigations. There have been several models that predict deformations or violations of the Lorentz and CPT symmetries. The first one is the standard-model extension (SME) [1, 2] . The SME originated from the concept of spontaneous breaking of the Lorentz and CPT symmetries in the string theory [3] . It involves nonzero vacuum expectation values (vev) of tensor fields with spacetime indices. The nonzero vev point out certain preferred directions of the spacetime. The second model with Lorentz and CPT violations refers to the spacetime foam model [4] [5] [6] . The foamy structure of the quantum-gravity (QG) gives rise to non-trivial optical properties for the vacuum. This means a non-trivial vacuum refractive index for photons. The third model is called deformed special relativity (DSR) [8] [9] [10] [11] [12] . The DSR involves two invariant parameters, the speed of light and the Planck scale. This character implies that the QG fluctuations induce modified dispersion relations (MDR) for particles in the vacuum [13] . The last model refers to very special relativity (VSR) [14] . The symmetry groups of the VSR include certain subgroups of the Poincare group, which comprise the translation group and proper subgroups of the Lorentz group.
As the Lorentz symmetry resides in Minkowski spacetime, the Lorentz violation may result from certain deviations of the spacetime from Minkowski one. Actually, all the Lorentz-breaking models mentioned above have close connections with Finsler geometry [15] [16] [17] . In the SME, the nonzero vev denote the Lorentz and CPT-breaking coupling constants in the Lagrangians [1, 2] . They characterize the anisotropy of the spacetime. Recently, they were found to be related with certain fixed preferred directions in Finsler spacetime [18] [19] [20] . The dispersion relations for quantum wave packets were related to a classical point-like Lagrangian in the form of Finsler geometry [20] . In the D-brane model of spacetime foam [4] [5] [6] , D-particles are recoiled by photons. Thus the spacetime metric, experienced by photons, is modified. It was found that this metric belongs to Finsler geometry [5] . The DSR was also incorporated into the framework of Finsler geometry [21] . The MDR of the DSR could be associated with certain Finsler line elements. These Finsler structures refer to the so-called "rainbow metric" [22] . In addition, it has been shown that the Finsler [23] . Thus, the general VSR was found to be of Finsler geometry.
There are several reasons why the four Lorentz and CPT-violating models mentioned above could be related with Finsler geometry. The most fundamental reason is that Finsler geometry gets rid of the quadratic restriction on the spacetime structure [16] . Thus, Finsler geometry is different from Riemann geometry with the quadratic restriction, although it includes Riemann geometry as a special case. We refer Finsler geometry as the non-Riemannian Finsler geometry in this paper. Since Finsler structure gets rid of the quadratic restriction, the spacetime metric depend on the velocities or momentums of particles propagating in such a spacetime [24] [25] [26] . This leads to the MDR for particles and therefore the Lorentz and CPT violations. On the other hand, Finsler spacetime could depend on certain fixed preferred directions of the spacetime background. This could be illustrated by the general VSR line element mentioned above, because this Finsler structure depends on a fixed preferred direction n σ [23] . In addition, Finsler spacetime preserves less symmetries than Riemann spacetime. For instance, the 4D Finsler structure admits no more than seven Killing vectors [27] [28] [29] . Thus, Finsler spacetime is intrinsically anisotropic. The Lorentz and CPT violations should appear. Therefore, Finsler spacetime could be a reasonable platform to describe the Lorentz invariance violation (LIV) and the CPT violation (CPTV).
The LIV and the CPTV may reside in locally Minkowski spacetime [16] . Locally Minkowski spacetime is a generalization of Minkowski spacetime. Its flag curvature vanishes, and it is a flat Finsler spacetime. Its metric depends on velocity instead of position. This property could induce to the LIV and CPTV. Actually, one could check that the Finsler metrics, related with the four models we mentioned above, belong to locally Minkowski spacetime. Recently, we have proposed a model of Lorentz-breaking electromagnetic field in such a spacetime [30] . The LIV was introduced into the Lagrangian of electromagnetic U (1) field via the Stueckelberg method [31] [32] [33] . The Stueckelberg method was employed through replacing the Minkowski metric with the Finsler metric of locally Minkowski spacetime in our model. This is similar to the effective metric approach in the SME [34] . We found that the electromagnetic Lagrangian introduced by this method is compatible with the one in the SME at the leading order of the LIV. In this paper, we generalize our previous method to investigate the non-Abelian gauge fields and matter fields. We obtain a Lorentz and CPT-breaking extension of the SM. The LIV and the CPTV properties are discussed miscellaneously in such a model. In addition, we compare this model with the SME at the leading order. Both compatibility and otherness are discussed between the SME and our model.
The rest of the paper is arranged as follows. In section 2, we give a brief review on Finsler spacetime and locally Minkowski spacetime. Especially, the parity and the time reversal of Finsler structure are presented in locally Minkowski spacetime. In section 3, we propose Lorentz and CPT-breaking Lagrangians of the gauge fields and matter fields in locally Minkowski spacetime. In section 4, the LIV and the CPTV are investigated miscellaneously in such an extension of the SM. In section 5, we compare our proposition with the SME at the leading order of the LIV and the CPTV. We would derive close relations and distinguishable differences between the SME and our model. Conclusions and remarks are listed in section 6.
FINSLER SPACETIME, PARITY AND TIME REVERSAL
Finsler spacetime [15] [16] [17] is defined on the tangent bundle T M := x∈M T x M instead of the manifold M . Each element of T M is denoted by (x, y) where x ∈ M and y := 
which lowers and raises the spacetime indices together with its inverse. The Finsler metric becomes Riemannian if it does not depend on y. Thus, Riemann geometry is a special case of Finsler geometry. In addition, it is obvious that there is no quadratic restriction on the Finsler structure. The spacetime metric is a function of y. This may modify the dispersion relations of particles which induces the LIV [21, 24, 30] . Locally Minkowski spacetime [16] is a class of Finsler spacetimes with Finsler structures independent of x, i.e., F (x, y) ≡ F (y). Its Finsler metric g µν (y) also only depends on y, and its connections and curvatures vanish. It is the flat Finsler spacetime. All its tangent spaces are linearly isomorphic to one common linear space. This means that the physical laws are common at each spacetime position. A particle moves along a Finsler geodesic [16] . In locally Minkowski spacetime, a free particle moves along a straight line since the connections vanish in the geodesic equations. The geodesic equations give constant vectors to y, which means that y does not dependent on x [30] . Locally Minkowski spacetime could be viewed as a straightforward generalization of Minkowski spacetime.
In Minkowski spacetime, the Riemann structure is given by F (y) = (η µν y µ y ν ) 1 2 where η µν = diag(+1, −1, −1, −1). It is invariant under the parity (P ) and time reversal (T ) operations. However, the Finsler metric might change under the P and T operations in locally Minkowski spacetime. One example is the locally Minkowskian Randers structure
2 is the Minkowski structure and β = b µ y µ denote a 1-form with constant b µ [35] . Obviously, α is invariant but β changes under the P or T operations. Correspondingly, the Randers metric could be given as
. One can check that only the first and last terms at the right-hand side are invariant while the other terms change under the P or T transformations. The P and T violations of Finsler structures imply that the corresponding Finsler spacetimes are asymmetric. Conversely, the P and T violations could originate from departure of the spacetime background from Minkowski spacetime. Therefore, the CPTV may emerge out in locally Minkowski spacetime.
THE LORENTZ AND CPT-BREAKING LAGRANGIANS
In previous work [30] , we postulated that the LIV resides in locally Minkowski spacetime. A Lorentz-breaking Lagrangian was proposed for the electromagnetic field via the Stueckelberg method [31] [32] [33] . The Minkowski metric was replaced by the Finsler metric of locally Minkowski spacetime in the electromagnetic Lagrangian. In this way, the principle of relativity is preserved since the Finslerian Lagrangian is covariant under coordinate transformations. The form of the electromagnetic Lagrangian is similar to the one in the SM, except the Finsler metric. In addition, the gauge symmetry is still maintained. In the present paper, we straightforwardly generalize this method to study the Lorentz and CPT-breaking extension of the SM including the non-Abelian gauge fields and matter fields.
We start our discussions by a brief review on the SM and its conventions. Especially, the Minkowski metric is extracted in the Lagrangians. In this way, we could immediately replace it with the Finsler metric in locally Minkowski spacetime later. In the SM, the interactions between particles are completely determined by the SU (3)×SU (2)×U (1) gauge symmetry. The full Lagrangian densities for the SM particles could be written as [36] 
Throughout of this paper, we employ the conventions as follows. The lepton and quark multiplets are denoted by
(1 + γ 5 )ψ are, respectively, left-and right-handed Weyl spinors. The flavor is labeled by A = 1, 2, 3, which denotes ℓ A = (e, µ, τ ), ν A = (ν e , ν µ , ν τ ), u A = (u, c, t) and d A = (d, s, b). The Higgs doublet is ϕ and its conjugate ϕ c . We denote G µ , W µ and B µ as the SU(3), SU(2) and U(1) gauge fields, respectively. The related field strengths are given by G µν , W µν and B µν . The coupling constants are denoted by g 3 , g and g ′ , respectively. The Yukawa coupling constants are denoted as G L , G U and G D . In addition, D µ denotes the covariant derivative and
The Lorentz-breaking Lagrangian of electromagnetic field has been obtained via a replacement of the Minkowski metric in the Lorentz-invariant Lagrangian with locally Minkowski metric, i.e., η µν −→ g µν (y) [30] . It was given by
where the antisymmetric field strength is B µν = ∂ µ A ν − ∂ ν A µ and the 4-potential is A µ (x). In the last step, we had antisymmetrized the indices µν and ρσ. This could be a minimal extension of the quantum electrodynamics (QED), since we did not add any non-standard terms in the Lagrangian. It is noteworthy that the Lorentz-breaking Lagrangian (7) reduce back into the one of the SM in Minkowski spacetime. We could straightforwardly obtain the full Lagrangian density of the SU (3), SU (2) and U (1) gauge fields as
which result from an analogy to the Lorentz-breaking electromagnetic field. For the leptons and quarks, their Lagrangians could be given bȳ
where we directly replace η with locally Minkowski metric g. The Lagrangian of the Yukawa couplings is as same as the one in the SM, i.e., the equation (4). The reason is that the Yukawa couplings do not involve contractions of spacetime indices. Thus, the full Lagrangian density of the Yukawa couplings for the matter fields is given bȳ
For the Higgs sector, we could obtain its Lagrangian as
where we once again directly replace the Minkowski metric with the locally Minkowski metric. In this paper, the bars over L denote the Lagrangian densities of fields in locally Minkowski spacetime. The five equations (8)- (12) constitute a complete set of Lorentz-breaking Lagrangians of the gauge and matter fields in locally Minkowski spacetime. The Lagrangians are obtained by replacing the Minkowski metric in the SM ones with the locally Minkowski metric. This implies that these Lorentz-breaking Lagrangians could reduce back to those Lorentz-invariant Lagrangians in the SM at the Minkowski limit. In addition, these Lagrangians are invariant under coordinate transformations since they are spacetime scalars. On the other hand, the CPTV may emerge out in locally Minkowski spacetime. The reason is that the locally Minkowski metric g µν could include both the CPT-even and CPT-odd parts, such as the Randers metric mentioned in last section. The coupling constants induced by the LIV and CPTV are constant in the SME. The SME terms involving (c L,Q ) µν , (k φφ ) µν and (k G,W,B ) µνρσ are CPTeven [2] . However, the corresponding terms get rid of this property in our model. They could consist of both the CPT-even and CPT-odd parts simultaneously, which are determined completely by the locally Minkowski metric. We will discuss this issue in the next sections.
THE LIV AND THE CPTV
Physical observations have provided severe constraints on possible LIV and CPTV [37] . These constraints reveal that the LIV and CPTV should be tiny enough to escape the present observable sensitivity. Thus, we could study the perturbative implications of the equation set (8)- (12) . In this section, we expand the locally Minkowski metric around the Minkowski metric to the leading order of the LIV. In other word, the locally Minkowski metric can now be written as
All the possible LIV and CPTV result completely from the perturbative term h µν in locally Minkowski spacetime. Correspondingly, we could obtain the perturbative expansions of the Lorentz-breaking Lagrangians (8)- (12) . To the leading order, the Lorentz-breaking perturbations δL =L − L of the Lagrangians are given by
δL
The coupling constants in the above equations carry spacetime indices, which reflects the LIV properties. In addition, the LIV and the CPTV do not affect the Yukawa coupling terms which generate mass of particles. In the quantum field theory (QFT), causality requires every particle having a relating antiparticle with opposite quantum numbers and same mass [36] . Therefore, causality is preserved in our model even through the Lorentz invariance and the CPT symmetry are broken. We notice that all the LIV effects in Eq. (14)- (18) result from the metric perturbation h µν and their CPT properties are determined completely by the CPT properties of h µν . The LIV-induced coupling constants are similar for the matter fields and the Higgs field. All of them are characterized directly by the metric perturbation h µν . For the gauge sectors, their LIV-induced coupling constants are one common multiplication of η µρ h νσ together with its anti-symmetrizations of spacetime indices, i.e.,
They have the symmetries of the Riemann curvature tensor which have nineteen components. However, there are only ten independent components for h µν . Thus, k µνρσ have not more than ten components independent. In this sense, the metric perturbation h µν totally determines all the possible LIV. This result is consistent with the kinematical predictions [21, 26, 38, 39] . In section 2, we have shown that the locally Minkowski line element, such as the Randers one, may not be invariant under the parity and the time reversal operations. The metric perturbation h µν could consist of the CPT-even and the CPT-odd parts. It completely determines the CPT-properties of the Lorentzbreaking terms in the Lagrangians. For instance, we consider the locally Minkowskian Randers structure once again. The Randers metric perturbation could be given as
. Based on discussions in section 2, one could check that the first two terms are CPT-odd and the third one is CPT-even on the right hand side. Therefore, h µν could have hybrid CPT property.
COMPARISON WITH THE SME
It is helpful to make a comparison between the SME and this Finslerian SM. The SME has been investigated extensively and the LIV and the CPTV are well understood phenomenologically. By comparing the Finslerian SM with the SME, we could find relations and differences between them. This benefits understanding the Finslerian SM from phenomenologies and experimental implications. In locally Minkowski spacetime, the Lorentz-breaking Lagrangian of the electromagnetic field has been shown to be compatible with the one in the SME at the leading order [30] . In this section, we would show that the Lorentz and CPT-breaking Lagrangians (14)- (18) are also formally compatible with those in the SME for the matter fields and the non-Abelian fields. Certainly, we also notice distinguishable differences between these two models.
In the SME, the LIV and CPTV perturbations of Lagrangian for the gauge fields are given by [2] 
By comparing (20) (21) with (14), we find two formal relations (k G,W,B ) µνρσ = k µνρσ and (k i ) µ = 0 for i = 0, 1, 2, 3. The latter relation reveals that the SME-like CPT-odd terms would not appear in the Finslerian SM. Only the SME-like CPT-even terms could appear according to the former relation. However, k comprises η and h(y) according to (19) . Thus, the terms involving k µνρσ could be CPT-even, or CPT-odd or even CPT-hybrid in the Finslerian SM. This prediction is different from that in the SME. In addition, the LIV and CPTV properties are similar for three gauge fields. Furthermore, k is a function of the velocity y of a particle. However, there could exist different velocities for particles. Thus the Lorentz-breaking effects could be observable. We will see in the following that these predictions still hold for the matter fields.
For the leptons and quarks, the perturbations of Lagrangians are given as [2] δL CP T −even lepton
Again we find (a L,R,Q,U,D ) µ AB = 0 for the SME CPT-odd terms and (c L,R,Q,U,D )
µν AB = h µν δ AB for the SME CPT-even terms by comparing to (15) (16) . Only the symmetric part could exist for c. In addition, the LIV and the CPTV would not mix different flavors since there exists δ AB .
There exists only CPT-even Lorentz-breaking terms for the Yukawa couplings in the SME [2] 
However, the above coupling constants vanish, i.e., H L,U,D = 0, since the LIV and the CPTV do not affect the Yukawa couplings in (17) . On the other hand, the Higgs field acquires the same vev as that in the SM, which will be discussed below. Thus, the mass of matter particles would not be influenced by the LIV and the CPTV. For the Higgs sector, the LIV and CPTV terms of its Lagrangian are [2] δL CP T −even Higgs
By comparing to (18), we obtain relations (k φφ + k * φφ ) µν = 2h µν and k φ = k φB = k φW = 0. In the SME, the spontaneous breaking of electroweak symmetry gives the nonzero vev
1/2 to the Higgs field [2] . Here, q = gsinθ W denotes U(1) charge and
However, the vev of Z 0 µ would vanish in the Finslerian SM for k φ = 0 and the Higgs field would acquire the same vev as that in the SM.
From the above discussions, we find that the Finslerian SM could be formally related to the SME framework at the leading order. The LIV-induced coupling constants could be combined to represent the SME coupling constants. Since there are only ten independent components of h µν , the parameter space of the Finslerian SM is severely squeezed. Certainly, there are also many differences between the SME and our model. The most significant difference is that the LIV-induced coupling constants are constant in the SME while they could depend on momentums of particles in the Finslerian SM. In the SME, the so-called CPT-even terms are really CPT-even. However, the corresponding terms could be CPT-even, or CPT-odd, or even CPT-hybrid. This is determined completely by the locally Minkowski metric. This prediction might help to distinguish the Finslerian SM from the SME in forthcoming experiments. The other significant difference is that the Higgs field has a modified vev in the SME while it remains the same as that of the SM in the Finslerian SM. Thus, the mass of other particles would remain unchanged.
To demonstrate the above discussions clearly, we consider the effective Hamiltonian h ef f which describes flavor neutrino propagation and oscillations. In the SME, this effective Hamiltonian could be given by [40] (h ef f ) AB = | p|δ AB + 1 2| p| m
It is invariant under CPT unless a L vanishes. For two-flavor system ν µ → ν τ with maximal mixing, the correction to ν µ disappearance probability is [41]
where L denotes a baseline. The a L term controls the LIV and CPTV while the c L term controls the LIV only. When a L vanishes, the CPT is preserved, i.e., P
ντ →νµ . In locally Minkowski spacetime, the situation a L = 0 is always preserved. We have obtained a formal relation (c L ) µν = h µν . However, h µν is not constant now. It depends on velocity of neutrinos. Its CPT property determines the CPT property of the effective Hamiltonian. For example, the Randers metric occupies both the CPT-even and CPT-odd parts as mentioned in last section. The effective Hamiltonian could be given as
We have decomposed h µν = h µν even +h µν odd , where h µν even and h µν odd denote the CPT-even and CPT-odd parts, respectively. Thus the Finslerian terms corresponding to the SME c L term could occupy hybrid CPT behavior. For the above ν µ → ν τ system, the correction to ν µ disappearance probability is
We have shown that both the terms correspond to the c L term of the SME. However, the h µν odd term controls the LIV and CPTV while the h µν even term controls only the LIV in this case. We find the CPTV, i.e.,P (1) νµ→ντ =P (1) ντ →νµ . This prediction is different from that in the SME.
CONCLUSIONS AND REMARKS
In this paper, we proposed a Finsler geometric framework for investigating extension of the SM of particle physics with the LIV and the CPTV effects. The Lorentz and CPT-breaking Lagrangians of the SM fields were presented explicitly in locally Minkowski spacetime. The LIV and the CPTV were introduced into the Lagrangians of fields by replacing the Minkowski metric with the locally Minkowski metric. The obtained Lagrangians could reduce back to those in the SM at the Minkowski limit. The principle of relativity and the gauge symmetries are still preserved for this model. The LIV together with the CPTV was found to have a possible geometric origin of spacetime structure deviating from the Minkowski one. In addition, the CPTV is completely determined by behaviors of locally Minkowski structure under the parity and time reversal.
At the leading order, the Finslerian model could be formally related with the SME. The LIV-induced coupling constants are characterized by the metric deviation from the Minkowski metric in this model. They could be combined into the corresponding SME coupling constants. However, the parameter space is squeezed severely for these SME coupling constants. The reason is that only ten independent components exist in the metric deviation. We discussed the most significant difference between the SME and the Finslerian SM. In locally Minkowski spacetime, the spacetime metric could be a function of momentums of particles. It, as well as its deviation, might be CPT-even, or CPT-odd or even CPT-hybrid. Therefore, the relating terms of the Lagrangians would hold the same CPT properties. This prediction is different from that of the SME. It may help to distinguish this locally Minkowskian model from the SME in forthcoming experiments. 
